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Dephasing processes

in glasses with strong strain interactions

U. ZiPchef+) and R. Silbey
Department of Chemistry, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

(Received 2 August 1991; accepted 21 January 1992)
Spectral diffusion decay is calculated for a glass modeled by two level systems which are
strongly coupled to phonons. The spin-phonon interaction induces an effective spin-spin
interaction which dominates the energy scale. We show that spectral diffusion is a property of
macroscopic local fields which fluctuate on time scales that are much longer than the spinphonon relaxation time T,. We assume for the spectral diffusion a Gaussian distribution and
derive a self-consistent equation for its variance which is nonlocal in time. At high
temperatures, the variance grows linearly with time while at low temperatures, we find strong
deviations from simple diffusive decay. In a particular case, the growth of the variance is
steplike. For very long times, we find an asymptotic sublinear behavior w a t 2’3. A heuristic
argument shows that this law is determined by the form of the distribution.

I. INTRODUCTION
In solids, fast vibrations around local equilibrium configurations (phonons) lead to characteristic low temperatures properties like, e.g., the cubic dependence of the specific heat on temperature, C, a T3 for T-0. In amorphous
glasses, on the other hand, the low temperature specific heat
depends linearly on temperature, C, a T for T- 0. ’This and
other thermal properties give evidence for additional degrees
of freedom in glasses which are identified as changes in local
configurations.
A widely used model assumes that a certain number of
atoms (or group of atoms) has two low lying equilibrium
positions: two level system ( TLS).2.3 Strain fields in the glass
cause the atoms to move from one equilibrium position to
the other. In a mathematical description, the additional degrees of freedom are represented by spin-f operators that are
coupled to phonon creation and annihilation operators.
Anomalous low temperature properties of glasses are explained in this model by assuming broad distributions for the
spin level splittings and tunneling matrix elements.
Various dephasing experiments (optical hole burning,
fluorescence line narrowing, etc.) probe dynamical processes in glasses from which additional insight into the nature of the TLS and their coupling to phonons can be inferred.4,5 Most theoretical treatments of dephasing
processes4 use the concept of “spectral diffusion decay” as
introduced by Klauder and Anderson6
The exchange of virtual phonons induced by the spinphonon interaction gives rise to an effective TLS-TLS interaction which renormalizes the TLS energy splittings
E”+EkfHk.

(1.1)

Here, the local field is given by
Hk=~,$k+.

(1.2)

*) Present address: Physics Department, Clarkson University, Potsdam,
NY 13676.
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In the standard TLS model, H k is assumed to be much
smaller than E k so that the energy scale is dominated by the
bare energy splittings. In this paper, we consider the opposite limit in which H “3 E ‘.
The residual spin-phonon interaction leads to spin flips
and thereby induces fluctuations in the local fields. In the
standard terminology spins which have the same value Ho of
the local field at an initial time t = 0 are called “A spins” and
are distinguished from all others (“B spins”). In an inhomogeneously broadened line, B spins outnumber A spins. The
spectral diffusion is governed by the conditional probability
p(H,t;H,,,O)
that the local field has value Hat time t if that
value was Ho at time t = 0. For simplicity, we will label this
probability as the spectral diffusion.
In discussion spin relaxation in solids, Klauder and Anderson6 considered the weak coupling limit in which the
phonon bath induces flips between unperturbed spin states
with a rate r = l/T, which they assume to be the same for all
spins. Depending on the value of the minimal distance between neighboring spins, they found for the spectral diffusion either a Lorentzian or Gaussian form whose widths
grow linearly in time
w(t) art.

(1.3)

That is, the spectral diffusion decays on the same time scale
as the spins relax to thermal equilibrium.
However, experimental and theoretical studies have revealed that this is too simple a picture for glasses. In amorphous glasses, the spin population relaxation time T, is not
constant but depends smoothly on intrinsic spin parameters.
Black and Halperin calculated the spin relaxation in glasses
using Fermi’s golden rule.’ They showed that for short
times, the width of the spectral diffusion depends strongly on
temperature
w(t) a T4t.

(1.4)
For phonon echo, saturation, and recovery, they find good
qualitative and quantitative agreement between experimen. tal results and their theoretical estimates.
_
Recently, Bai and Fayer pointed out an important dif-
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ference between optical dephasing experiments in simple solids and those in amorphous glasses.8 In simple solids, various optical dephasing experiments measure the same
dephasing time T,. The situation is entirely different in
amorphous glasses where the observed dephasing time depends on the time scale associated with the experiment. In
hole burning experiments, for example, the time scale is set
by the waiting time between burning and reading the hole
which can be as long as several hours, or even days. In their
theoretical discussion of dephasing experiments, Bai and
Fayer assume the spin population relaxation times lie in a
certain time interval that is determined by the experiment.
Therefore, different dephasing experiments measuredifferent dephasing times, in general.
Still another time scale is set by intrinsic parameters of
the system. A hole burning experiment in an amorphous
host is modeled by a system consisting of the ground and
excited state of the chromophore, TLSs describing the low
lying excitations of the amorphous host, and a phonon bath.
The linewidth of the chromophore is dominated by distant,
weakly interacting TLS only if the (scaled) TLS-chromophore interaction is larger than the TLS relaxation rates (in
units with fi = 1). In this case, the expression for the
linewidth does not explicitly depend on the chromophoreTLS interaction.‘,” In the opposite limit, the chromophore
linewidth will depend explicitly on the interaction of the
chromophore with the nearby TLSs. In this paper we consider the former case for the linewidth of the chromophore.
While the existence of TLS degrees of freedom in glasses
is well established, a detailed microscopic theory is still lacking; therefore, the TLS parameters are usually adjusted to
give agreement with experiments. In Ref. 11, for example,
the time evolution of a photochemical hole in an organic
glass is reported to be much slower than the lifetime of the
excited electronic state of the chromophore. The authors of
Ref. 11 introduce TLS associated with photochemical proton transfer processes in addition to “normal” TLS which
account for the observed thermodynamic anomalies of the
glass. The relaxation rates of the fastest proton transfer processes are found to be orders of magnitude slower than the
relaxation rates of the normal TLS. The distribution of relaxation rates of the additional TLS are assumed to be identical
to the one describing the normal TLS. The observed optical
spectral diffusion follows from the TLS spectral diffusion by
averaging over the TLS relaxation rates. Because for the
standard TLS model no clear justification is known, it is
important to compare its predictions with those of alternative models.
We start with the observation that the definition of spectral diffusion contains the properties of the local field only.
However, the .4 spins all have different local environments.
Therefore, the spectral diffusion is calculated by first considering the stochastic process H(r), O<r<t at the site of an A
spin and then, in the second step, averaging over all different
local environments of A spins. Because for any A spin, a
single spin flip causes with equal probability a positive or
negative change in the local field, the local field of the average A spin changes much more slowly than the local field of
an individual A spin changes. That is, the local field of the
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average A spin is a macroscopicvariable which changes on
much longer time scales than individual spins relax to thermal equilibrium.
In this paper, we calculate the spectral diffusion decay
for a glass in which TLS are strongly coupled to strain fields.
We show that strong spin-phonon coupling may explain
slow macroscopic behavior in glasses whose microscopic degrees of freedom relax on much shorter time scales.
In independent studies, the possibility of strong spinphonon coupling has already been considered. Silbey and
Kassner examined strain fields in glasses and found that the
spin-phonon interaction is strong, not weak.‘* They showed
further that strong interaction gives a possible explanation
for the broad distribution of internal TLS parameters.13 Yu
and Leggett went a step further, arguing that certain universal features of glasses can only be explained in a scenario in
which the spin-phonon induced TLS-TLS interaction is essential. I4 This scenario was used to explain the plateau in the
thermal conductivity and the bump in the quantity Cu/T3.”
Yu and Leggett also suggest that collective modes are important for understanding other glass properties. In this paper,
we pursue the traditional approach by using single spin
quantities only.
The outline of the paper is as follows. In Sec. II, we
sketch how the effective spin-spin interaction can be derived
from a Hamiltonian that couples spins to a phonon bath. In
Sec. III, we review the theory by Klauder and Anderson for
spins which interact weakly with a phonon bath. Section IV
contains the derivation of the self-consistent equation for the
variance of the spectral diffusion. In Sec. V, we discuss the
width for high and low temperatures and different distributions of the initial local fields. Finally, we summarize and
discuss our main results in Sec. VI.

II. MICROSCOPIC

MODEL

The Hamiltonian for a system of spins coupled to a
phonon bath is given by, see,13
~=~,+~~-+-‘z,2,

(2.1)

x,= -gEkc&

(2.2)

2?‘z=Ctiqbg+bq
4

(2.3)

(+i= l),

(Aid+
w:d>(bq+b+q).
(2.4)
q.k
Here, 2?‘, is the Hamiltonian of the bare spins, 2, describes
the phonon bath, and X,2 is the spin-phonon interaction.
For spins weakly interacting with the phonon bath, only the
part proportional to a,, which induces spin flips, must be
retained in the interaction Z,,.
The diagonal and off-diagonal elastic tensor, respectively, read is related to the deformation-potential tensor 0:
by,‘,16
x,~=C

+D$,

W;=D+.

The energy splittings Eli are given by
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U. ZCircherand FL Silbey: Dephasing processes in glasses

6904

Ek=J(Ak)‘+

‘(2.6)’

(IV’)‘.

p(H,f;H$)=-$J:a

dy eiyH(exp( - by,zk$)).

The unitary transformation

U=exp -Csd(bq-bb,t)
q.kwq

I

9

(2.7)

(3.2)
Because the spins are independent of each other, the average
factorizes into a produce of single spin expectation values,

which introduces TLS dressed with virtual phonons, diagonalizes part of the spin-phonon interaction

dy eiyH
(3.3)

A?= -&+E*c$+Co,b,ib,
Q

Assuming that the spin is initially in the state d, (0) and
jumps subsequently between its two levels with probability
per unit time r, the single spin conditional probability is given by

P[d,t;o’,(O),O]
-qgI

(1

--k,)

+

W:A’-,($:

ti

+$i

y-,) ,
I

-b
4

(3.5)
Pes =j(lT>(Tl
+ Il>(ll).
Inserting Eqs. (3.4) and (3.5) into Eq. (3.3), we find

(2.9)

p( H,t;H,,O) = -!-

and

ca &

I#k

em

- (1 --e”)(l

- iyy-

d,(O)
4,

-co&$)]].

)
(3.6)

(2.10)

In Eqs. (2.8) and (2.9), we used the same notation for the
transformed and original operators.
The fourth and fifth terms in Eq. (2.8) describe the residual spin-phonon interaction which induces flips of
dressed spins. The third term is an interaction between
dressed TLS.
A more general unitary transformation gives a d&x interaction as well. Such terms are, however, unimportant for
our applications because they couple spins only which are in
resonance with each other. 16*’The spin-spin interaction renormalizes the energy splitting between upper and lower
spin states, -

Ek+Eh+Hk,

(2.11)

where the local field H k is given by
(2.12)

III. SPECTRAL DIFFUSION: WEAK COUPLING LIMIT
It is instructive to summarize briefy the weak coupling
theory by Klauder and Anderson.” We start from the definition of the spectral diffusion,

~(H,t;Hm0) = S H-yLgk$
((

lJ I(

e'YH

2%-I -.x

X[l

d, =of*iu$.

(3.4)

(2.8)

Here, [,I + denotes the anticommutator,
l)“‘$$A:(b,

+ (1 -e-“)P’,.

Here, Peq is the equilibrium distribution

&)d,.

q

(-

=e-rSg~i,,,

,
>)

(3.1)

For short times, t-+0, we find

p(H,t;H,,O) = 12rr : 4vexp[NH-&)
I m

(3.7)
where K(y) is given by
K(Y) =,sk(l

(3.8)

-co+.

The function K(y) is approximated by an integral,
K(y) =4rnJl;&?(l

-,o+),

(3.9)

where n is the density of B spins. With no significant error,
r maxis set equal to infinity. Depending on the value ofy we
find,

lYl>
y-0.
K(y) = (271/3)n(yy)*/rJ,i,,
(2~/Wvl~l,

2TGh

/YY

(3.10)

Thus, K(y) a (yl except when y is very small in which case
K(y) a$.
Thus, for a small difference H - H,,, the conditional
probability distribution is a Lorentzian whose width grows
linearly with time

wr.(t) =- 2n2r nrt ,
3

where the average ( - > is taken with respect to the conditional probability .P ( {dZ),f;(dZ (O)),O) that the spin variables have values dZ at time f if their values were dZ (0) at
time t = 0. We insert the Fourier representation of the S
function and interchange averaging and integrating,

-rtK(y)l,

(3.11)

while for H - Ho large, the distribution is a Gaussian whose
variance grows linearly with time
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IV. SPECTRAL DIFFUSION: STRONG COUPLING LIMIT
We pointed out in Sec. I that spectral diffusion is a property of macroscopic fields, which change much more slowly
than individual spins relax to thermal equilibrium. Thus, for
calculating macroscopic properties, we replace the spin variables 4 (t) by their respective quantities averaged over a
short time St

&t)-&(t)

=$J

I + 51
dT&),

St-O.

‘
The local field then reads, cf. Eq. (2.12))

(4.1)

kl

We note that the spin variables of(t)
d(t) = f. 1, while L?(t) are continuous
- l&W<
+ 1.

are discrete,

(4.3)
Because the spins are coupled to a heat bath, the time
averaged quantities S-“(t) are sums of thermal expectation
values and small deviations thereof,

2(t) =ak, [Hk(t)]

+ S&t).

(4.4)

In the notation, we explicitly indicated the dependence of the
thermal expectation values on the instantaneous local fields
at their respective sites,

(4.5)
We assume for the small deviations that for different times
t # t ‘, {L?(t) lk and {g( t ‘)}, are sets of independent random variables. That is, the random variables ti( t) are uncorrelated with respect to both different sites and different
times.
Upon inserting Eq. (4.4) into Eq. (4.2), we obtain a
decomposition of the local fields

H”(t) =y C Sd,[H’(t)]
ffk

sgk(t)

kl

+ SH”(t).

+y C -b’(t),
l#k

factors l/& and l/d ,,, respectively. Thus, in lowest order of
approximation, SH k( t) are independent Gaussian random
variables. Further, at different times t #t ‘, SH k( t) and
SHk(t ‘) are independent of each other, i.e., SH k( t) are
Markov processes.
In summary, the short time fluctuations in the local
fields are modeled by independent Gauss-Markov processes
whose statistical properties are specified by their mean values
(SHk(t)), =O,
and correlation functions

H”(t) =y c +t).
I#k
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(4.6)

?f,

(4.7)

We identify the slowly varying parts ?? k with macroscopic
fields. The fluctuations SHk(t) determine the behavior of
the local fields on short time scales which are, however, longer than the spin population relaxation time T,.
Equations (4.6) and (4.7) show that, in principle, in the
strong coupling limit, the local field at site k depends on the
local fields at all neighboring sites I #k which, in turn, depend on the local field at site k. However, for simplicity, we
neglect this correlation and treat the local fields as independent random variables.

(4.8)

([SH”(t+At)
-SHk(t)][SH’(t+At)
= SkiDs( T) At.

-SH’(t)]),
(4.9)

Here, Sk’is the Kronecker symbol (Sk’= 1 for k = I and
Sk’= 0 for k #I) and D, is the short time diffusion constant
which, in this theory, is an adjustable parameter dependent
on the temperature of the phonon bath.
B. Long time behavior
The short time fluctuations in the local fields induce
fluctuations in the thermal expectation values ak, [H k( t) ]
which, in turn, determine the behavior of the macroscopic
fields a k( t), cf. Eq. (4.6). That is, the macroscopic fields
are time dependent stochastic processes as well. Because the
thermal expectation values ak, [H k( t) ] depend on the macroscopic fields, the statistical properties of the macroscopic
fields must be determined in a self-consistent way.
We consider the long time behavior of the local field at
the site of an A spin, and define the spectral diffusion by

pMt;Ho,O)
= H--y~~k~d,[H’W l

.
(4.10)

Here, (( . )) denotes the average over both the short time
fluctuations SH ‘( r), O<%t, and the long time fluctuations
p’(r),
O(T(t, subject to the initial condition

H,,=Y/~~+~JH~UNI.

(4.11)

We insert the integral representation of the S function
and interchange integrating and averaging,

p(H,t;H,,O) =L 2T

s

_- m du eiyH

[H’(t)1

X

I)).
(4.12)

Because we treat the local fields as independent random variables, we have

A. Short time behavior
The fluctuations in the local fields SH k(t) are infinite
sums of independent random variables, cf. Eq. (4.6). Under
some additional weak conditions on the random variables
Sc#(t), the law of large numbers shows that SHk(t) are
Gaussian random variables. ” At different sites k #k ‘, the
contributions of a particular Sd( t) have different weighing

p(H,t;H,,O) =-i 2~

J. Chem. Phys., Vol. 96, No. 9,1 May 1992

s

:,

dy eiyH

- iyy--)d, [H’(t)1
kl

I)).

(4.13)
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The average ( ( exp [ - iza, [H(t) ] ] ) >, z = yy/&, is
given by a cumulant expansion which we truncate after the
second term, i.e.,

([u&[a(r,)]]2)1.
=I md~p(~,r,;Ho,O)
[a&.,
@ I]‘,
-co

(4.24)

where Ho is the initial local field at that site. We insert Eq.
(4.24) into Eq. (4.23) and let N-+ CG,and hence At+O, so
that the sum goes over into an integral

-a,[H(0)l]2))3.

(4.14)

We set ((~~[H(t)l))
=a,[H(O)].
To proceed we rewrite the second cumulant in an obvious way,

(([%Jm>l

~([cJHWl

-~eJH(O>l]*H
f

=D,

-%JmO)l]*))

s0

dr

-

I --m

dHp(H,~H,,O)[u:,(H)]*.

(4.25)

We insert Eqs. (4.14) and (4.25) into Eq. (4.13),

= ((L “go-q [ff(f,+ 1)I - flq [m”)]]*)),
(4.15)

p(H,t;H,,O) = -!-

dv &y(ff - HI,)

-

2lr I -m

where
70 = 0,

(4.16)

7-N+,

(4.17)

=t.

X fl

l#k

We choose equally spaced time steps,

TV+1- r,=At&

+SH(r,+,)

-aH(rv).

%q[WG+1)1 -~,~fm~)l
=u&[~(r,)][~H(r,+1)

-~fWJJ-

~~ou~[B(r,)l[~H(r~+))

=a,(Hk)

p(H,t;H,,O) =L

([4,

[p(r,.)]

’
I’),.

g

>

.

(4.28)

m dv ,$Y(H - fh)

x

(4.22)

where we have used the fact that the averages over long time
fluctuations, ( . ), , and short time fluctuations, ( . ),, decompose. Using the statistical properties of the short time
fluctuations, cf. Eqs. (4.8) and (4.9), we find

2

(

2n= s -m

- 39
-;sk$J2

Xexp

-q&f(0)l]2))

=tanh

At all spin sites,p(H,)dH,
is the probability that the initial
local field has a value between Ho and Ho + dH,. Equation
(4.26) is then

-aff(rv)l]))

x([~H(r,+,> -sH(r,,)]
x taH(rP+* 1 ---OH]),,

(4.27)

?k[

We average the expression on the right hand side (RHS) of
Eq. (4.26) over the local environments. Because the spinspin interaction is assumed to dominate the energy scale, we
set the bare level splitting equal to zero, E k3 0. Thus,

&(Hk)

(4.21)

v= 0

(4.26)

H,=Y~ -hq [H:,(O)].

(4.20)

Inserting Eq. (4.20) into Eq. (4.15) gives

=D&

[ (o&)‘(H)]“),

where we have used

I#k

) - SH (ry)]2>s = D,At+O as At+O,
Since ([SH(r;+,
sH(rv+ I ) - 6H (7, ) is typically a small quantity. Denoting a& (H) = da, (H)/dH, we find to linear order in
[aH(rv+ 1 ) --fiH(r,)],

(([q,,tH(t)l

0

(4.18)

N

(4.19)

=

fdr
kl

X srn dHp(H,r;Hh,O)
--Bo

so that At-0 as N-+ 00.
Because the macroscopic fields do not change during
the short time interval [r,,,r,+ , ] we have, cf. Eq. (4.7),

H(rv+ L) =B(r,)

exp -F-$Ds

‘dr

m dHpW,r
s -co

;H,,O)
(4.29)

Using

[5x+

-4n-n j-

(4.23)

The average over the long time fluctuations is calculated by
using the spectral diffusion

s0

-00 dH,dHo)

d+=++

‘min

(4.30)
mm

where r,,,i, is the shortest distance between different spins
and n is the density of B spins, the sum over the spins is easily
done,
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&

&Y(f’-
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dww
-=A(T)
dt

4,)

dH,p(H,)L

-_m
&XT

XJ:,

dHeq(

- (H~t~)z)[~;q(H)]2,
(5.1)

(4.31)

which together with the initial conditions, cf. the comments
following Eq. (4.34),
w(0) = 0,

We set
A(T) = -8-r */ZJ%(T)n
3
Gin

(5.2)

specifies the variance w(t) of the spectral diffusion.
We choose for the distribution of the initial local fields
p (He) a form consisting of two identical Gaussians centered
at Ho and - ao, respectively,

. . ..~.

Performing they integration we find
p(H,t;Hd)

= dsexp(

-

(H~~)2)
.

,

I

(4.33)
We note that for u -+O, p( Ho) goes over into a sum of two S
functions,

where the variance of the Gaussian is given by

pWo)

dH,p(H,)

= #Ho

-a,,

+ &Ho +i;i,)>.

(5.4)

Inserting Eq. (5.3) into Eq. (5.1) gives
X

1 -co

dHp(H,r

;H,,O) [a& GO ] 2-

(4.34)

We comment on Eqs. (4.33) and (4.34). Most importantly, at time I, the variance of the spectral diffusion depends on the spectral diffusion at all previous times O<r<t.
This property stems from the interdependence of the equilibrium expectation values Ok and local fields, cf. Eqs. (4.4)(4.7). The other points are of a more technical nature. The
spectral diffusion is a Gaussian distribution in the difference
H - Ho. This property is an approximation which is brought
about by truncating the cumulant expansion after the second
term, cf. Eq. (4.14), and setting <c&[Hk(t)]S
= o$, [H A(0) 1. Further, the integrand in the r integration
is finite and positive definite. It follows that the variance has
vanishing initial value, w( 0) = 0, increases monotonically
with time, w(t) > w( t ‘) fort > t ‘, and grows without bound.
Hence, the spectral diffusion starts from an initial sharp disp(H,t = O;H,,O) =S(H - Ho), and decays
tribution,
monotonically for times t > 0. Finally, the variance of the
spectral diffusion depends on the distribution of the initial
local fields.
In the next section, we discuss the variance w(t) for
particular choices of the initial distribution. We consider
four different cases which indicate clearly that strong spinphonon coupling may lead to strong deviations from simple
diffusive decay.

V. VARIANCE OF THE SPECTRAL DIFFUSION
Differentiating Eq. (4.34) with respect to time and using Eq. (4.33) gives a first order differential equation

dZ(t)
-=&~~mdflexp((H~~‘2)[&p)]2,
dt
(5.5)
where we have introduced
E(t) = w(t) + u.

(5.6)
From Eqs. (5.6) and (5.2) we find the initial condition
ii?(O) = u.
In general, it is a formidable task to integrate Eq. (5.5)
for E(t). It is only in the high temperature limit that an
analytic expression for the variance can be found which is
valid for all times. From Eq. (4.28) we have

a& (H) cc-$

T+ Co.~

(5.7)

From Eqs. (5.5) and (5.7) we find diiVdt = A /4T*. Hence,
at high temperatures, the width of the spectral diffusion increases linearly with time as in the Klauder-Anderson model,
w(t) ==t.

4T2

(5.8)

Here, we indicated explicitly that the parameter R. is a function of temperature through its dependence on the short time
diffusion constant D,, cf. Eq. (4.32).
For finite temperatures, the behavior of o& (H) is nontrivial, cf. Eq. (4.28). However, a& (H) has simple asymptotic behavior for both small and large arguments. For
IH1<2T, we find a&(H)~l/(2T)
and for IH1%2T, we
have a& (H) ‘u (2/T) exp( - H/T). An approximation for
o& (H) is obtained by putting these two asymptotic forms
together,
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P:,(H) 12- ($;

exp(_ qH p)

1; i;;;

(5.9)

We note that the temperature of the phonon bath (in suitable
units) defines the scale for the local fields. We insert Eq.
(5.9) into Eq. (5.5)
d@(f)

(a) Firstly, we set the average of the absolute values of the
initial local fields much larger than the temperature,

&,)2T.

(5.12)

For these parameters, the distribution of the initial local
fields consists of two Gaussians well inside the intervals
IH I> 2T in which CT&(H) is exponentially small, cf. Eq.

(5.9).

dt
=A.FL&f”

The temporal behavior of itr (t) changes when the values
of the local fields have finite probability to lie within the
interval IH I< 2T. Thus, we define a crossover time t, by

dfJexp( _ ‘“,$“)

JZZ?j- 4T

--2=

+=+[j-,/m-T

,/m=E,,-2T.

+J::‘]dH
2-r

Xexp( - y)exp(

-

(5.13)

For times t < t,, the integral on the RHS of Eq. (5.10) can be
approximated to give

(Hk:‘2).

(5.10)

diZ(t)
--zs&JIW
dt

In the following, we treat the cases for small and large
width of the initial distribution separately. In both cases, the
variance depends further on the average of the absolute values of the initial local fields.

dHexp( -F)
Xexp

(5.14)

It follows

A. Narrow initial distribution

(5.15)

We consider the case in which the second moment of the
initial local fields is much smaller than the temperature,

fi<2T.

(5.11)

Simple integration
= Z(f) - u],

gives

for

the

variance

[w(t)

J

w(t) = T2 In

1
exp[ - (2H,/T-

1 - [4A(T)/T’]

u/T’)]t >

,

(5.16)

O<t<t,.

I

From Eqs. (5.13) and (5.16), the crossover time t, is determined

t,=-

2zi
T4
4A(T) exp[( -“--s
T

_

)I

[&,-273’~-1

T2

w(t) . For very short times, the variance increases linearly in
time
w(r)=yexp[

I].

-(s--+)]t,

T

t--+0. (5.20)

(5.17)

For times much larger than the crossover time, t, t,, the
leading contribution to the integral on the RHS of Eq.
(5.10) stems from the interval IH 1<2T. Setting
exp[ - (H - &)‘/Z(t)]
Y 1 for - 2T<H<2Twe find

(5.18)
Integration gives

where we used w(t) -E(t) as t-+ 00. We note that the
asymptotic long time behavior is independent of the parameters of the initial distribution. For this choice of the parameters Br, and U, the behavior of the variance w(t) is sketched
in Fig. 1.
We discuss briefly the temporal behavior of the variance

FIG. 1. The variance of the Gaussian distribution w vs time t (in arbitrary
units) for the case in which the absolute values of the initial local fields are
narrowly distributed around a large average value.
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We note that in Eq. (5.20) time is multiplied by a factor
which is much smaller than that of the high temperature
limit Eq. (5.8) continued to low temperatures. After this
slow increase the variance increases much more rapidly, cf.
Eq. (5.16). We define the time t ; separating these two regimes by
1

(B. - 2T)’

w’(q)

= 1.

(5.21)

A calculation gives,

6909

(5.30)
This is the same long time behavior as in the case for large
.\
ii,.
B. Broad initial distribution
We assume that the second moment of the initial local
fields is much larger than the temperature
JiT>2T.

(5.31)

One case of interest (and the only one considered here) is for
a small value of Be.

&<2T.
(5.22)

It follows that exp[ -(H-~0)2/~]=1
Thus, we find from Eq. (5. lo),

From Eqs. (5.17) and (5.22), we find

dE(t>
dt
-=m4T2

t, -t;

We find for the variance

T2
yexp[
(B. - 2T)=

-= t:

-($$-+.)1,1.
(5.23)

Using Eqs. (5.13) and (5.16), (5.22) we find further

(5.24)
Hence, in a steplike behavior, the variance grows rapidly in a
short time interval. For times t > t,, the variance grows with
a slower rate, and approaches a sublinear behavior in the
long time limit, cf. Eq. (5.19).
(b) Secondly, we maintain the assumption that the initial local fields are narrowly distributed, but now assume
that the average of their absolute values is small. More specifically, we set

(5.32)
for IHl<2T.

‘(r)

1
-s

== ,=&T>

w(t) =t4 1 + 3A(T)

1
--*
J;;T

-277

m

(5*33)

2/3

2J;;Tu3’= ’>

- u,

(5.34)

where we used w(t) = Z(t) - u. We stress that this formula
is valid for all times t > 0. A Taylor expansion gives the short
time behavior
w(t) d&

t,

t-0.

(5.35)

Since the radius of convergence for the Taylor expansion of
( 1 + z)” is IzI = 1, the crossover time t3 is given by

c = 2J;;Tu3’=
3
3/l(T) ’

(5.36)

For long times, t) t3, we find

(5.25)

(5.37)

The temporal behavior of w( t) splits into two regimes. The
crossover time t2 is defined by

which is the same behavior as that in the previous cases. In
the next section, we elaborate more on the long time behavc- ~~
ror.

i&j-fi<2T.

&+dm=2T.

(5.26)

For t < t2, we find

d&G(t)
-=-!!ELAJm
dt

dHexp[

Jm4T

R(T)
=4Tz=

_ (H&:)2

]

-const,

t< t2.

(5.27)

Thus, we obtain,

w(t) =$t,

t<t,.

(5.28)

We note that the short time behavior has the same functional
dependence as the high temperature limit Eq. (5.8). From
Eqs. (5.26) and (5.28) the crossover time t, is given by

t2=+(2T-ij,)‘--u].
For very long times, t > t,, we find

(5.29)

VI. SUMMARY AND DISCUSSION
We started from a model of a glass in which two level
systems (spins) interact strongly with vibrational degrees of
freedom ( phonons) . Strong spin-phonon interaction leads
to an effective spin-spin interaction which dominates the
energy scale. For simplicity, we then set the bare spin level
splittings equal to zero. The spin-spin interaction brings
about local fields which vary randomly from site to site and
fluctuate in time due to the residual spin-phonon interaction.
The spectral diffusion is defined as the conditional probabilityp(H,t;H,,O) that the local field has value H at time t if that
value was H,, at time t = 0. We argued that this definition
implicitly contains certain spatial averages. The spectral diffusion is, therefore, a property of macroscopicfields. This
leads to a separation of time scales: individual spins relax to
thermal equilibrium much faster than macroscopic fields
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change. Therefore, the spin variables are replaced by sums of
equilibrium expectation values and small deviations thereof.
In turn, this replacement induces a decomposition of the
local fields into slowly and rapidly varying parts, respectively*
Although our approximate theory leaves many open
questions about both the short and long time fluctuations, in
this summary we focus on the long time fluctuations only.
We showed that for each realization, at time t, the local field
at site k, Hk(t), depends on the histories H’(T), O<T<t, at
all neighboring sites I #k. These histories depend, in turn on
the history of the local field at site k, Hk(7) for O<r<t.
Hence, using probability distributions for local fields at single sites only, we neglected this possibly important correlation.
Our approximation theory rendered the spectral diffusion a Gaussian distribution in the difference H - Ho. For
its variance we derived a self-consistent equation which is
nonlocal in time and depends on the distribution of the initial
local fields.
For high temperatures, on long time scales, the local
fields spread diffusively (([H(t)
- H(0) 12) a t) with a
time constant which is in dependent of the initial distribution
of the local fields and is reduced compared with its short
time limit, D, = D, ( T)/4T2.
At low temperatures, the temporal behavior of the spectral diffusion decay depends on the distribution of the initial
local fields. We found large deviations from simple diffusive
behavior for the case in which the absolute values of the
initial local fields are narrowly distributed around a large
average value a”. During the initial time regime, which is
long on macroscopic time scales, the spread of the local fields
is well approximated by a simple diffusion process with a
small time constant, D, = 40, (T) exp( - go/T)/T2. In
the subsequent time regime, which is much shorter than the
previous one, greatly enhanced fluctuations lead to a fast
spread of the local fields. In the final time regime, the rate of
change of the spread of the local fields decreases and the
local fields approach an asymptotic subdiffusive behavior,
([H(t) -H(O)]=) a t2’3. That is, we found a steplike behavior in which a large part of the spectral diffusion decay
takes place in a short time. In the casesin which the absolute
values of the initial local fields are narrowly distributed
around a small average value and in which the distribution of
the initial local fields is broad, the diffusive decay of the
spectral diffusion for short times goes over smoothly into the
same subdiffusive long time decay as in the above case.

The asymptotic long time behavior of the variance is
determined by the center of the spectral diffusion, p(H,,t;
H,,,O) = 9 [w(t) 1, and is, therefore, a consequence of the
analytic form of the distribution. Indeed, the t 2’3 law is derived for a Gaussian distribution and becomes a t “’ law if a
Lorentzian distribution is inserted into the RHS of Eq.
(4.34). However, this equation is the correct expression for
the variance of a Gaussian distribution only; its application
to general distributions has to be more rigorously justified.
The observed logarithmic time dependence of spectral
hole widths in some experiments can be explained by assuming a broad distribution of TLS relaxation rates in the
Klauder-Anderson model,’ which comes from the distribution of the tunneling parameters. In this work, we have been
concerned with the TLS relaxation rates due to TLS-TLS
interactions. A complete theory would include both effects,
and would consider correlations between the local fields at
different spin sites as well. Such a treatment is, however,
beyond the scope of this paper.
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